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Abstract—This paper studies the cooperation between a pri-
mary system and a cognitive system in a cellular network where
the cognitive base station (CBS) relays the primary signal using
amplify-and-forward or decode-and-forward protocols, and in re-
turn it can transmit its own cognitive signal. While the commonly
used half-duplex (HD) assumption may render the cooperation
less efficient due to the two orthogonal channel phases employed,
we propose that the CBS can work in a full-duplex (FD) mode
to improve the system rate region. The problem of interest is
to find the achievable primary-cognitive rate region by studying
the cognitive rate maximization problem. For both modes, we
explicitly consider the CBS transmit imperfections, which lead
to the residual self-interference associated with the FD operation
mode. We propose closed-form solutions or efficient algorithms to
solve the problem when the related residual interference power is
non-scalable or scalable with the transmit power. Furthermore,
we propose a simple hybrid scheme to select the HD or FD
mode based on zero-forcing criterion, and provide insights on
the impact of system parameters. Numerical results illustrate
significant performance improvement by using the FD mode and
the hybrid scheme.
Index Terms—Cooperative communications, relay channel,
cognitive relaying, full-duplex, optimization.
I. INTRODUCTION
RECENTLY there has been a new paradigm to improvethe spectrum efficiency of a cognitive radio network
by introducing active cooperation between the primary and
cognitive systems [1]-[7]. As illustrated in Fig. 1, the cognitive
system helps relay the traffic from the primary base station
(PBS), and in return can utilize the primary spectrum for
secondary use. This is of particular importance to the primary
system when the primary user (PU)’s data rate or outage
probability requirement cannot be satisfied by itself. Therefore
both systems have strong incentive to cooperate as long as
such an opportunity exists. A three-phase cooperation protocol
between primary and cognitive systems termed “spectrum
leasing” is proposed to exploit primary resources in time
and frequency domain [3], [4]. During Phase I and II, the
cognitive base station (CBS) listens and forwards the primary
traffic; in the remaining Phase III, the CBS can transmit its
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Fig. 1. Cooperation between a primary system and a cognitive system
own signal to the cognitive user (CU). Note that to avoid
additional interference, in Phase II, the PBS remains idle
and only the CBS transmits signals. The use of multiple-
input-multiple-output (MIMO) antennas and beamforming at
the CBS provides additional degree of freedom for primary-
cognitive cooperation in the spatial domain [5][6][7]. In
comparison to the conventional spectrum leasing, MIMO
CBS requires only two phases: Phase I is the same as that
in spectrum leasing while in Phase II, the relay can both
forward primary signal and transmit its own signal. However,
most existing works assume half-duplex (HD) mode for the
CBS so at least two orthogonal communication phases are
needed, which brings losses to throughput. As a result, the
primary-cognitive cooperation is not always useful, meaning
that the achievable primary rate can be even lower than that
of the direct transmission. To remedy the situation, this paper
investigates the potential use of full-duplex (FD) mode for
the CBS, i.e., it simultaneously receives primary message,
and transmits processed primary signal and its own cognitive
signal on the same channel. Since overall only one channel
phase is used, the FD mode is an efficient technique to enlarge
the achievable rate region.
A. Related Work
FD has attracted lots of research interests especially for
relay assisted cooperative communication. Traditionally, FD
is considered to be infeasible due to the practical difficulty
to recover the desired signal which suffers from the self-
interference from the relay output, which could be as high
as 100 dB [8]. It is shown in [9] that the FD relaying
in the presence of loop interference is indeed feasible and
can offer higher capacity than the HD mode. Experimental
results are reported in [10] that the self-interference can be
sufficiently cancelled to make FD wireless communication
feasible in many cases; hardware implementations in [11]
show over 70% throughput gains from using the FD over the
HD in realistically used cases. Since then, there have been
substantial efforts on dealing with self-interference. Utilizing
multiantenna techniques, [12] proposes to direct the self-
interference of a DF relay in the FD mode to the least
harmful spatial dimensions. The authors of [13] analyze a
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wide range of self-interference mitigation when the relay
has multiple antenna, including natural isolation, time-domain
cancellation and spatial domain suppression. The techniques
apply to general protocols including amplify-and-forward
(AF) and decode-and-forward (DF). The transmitter/receiver
dynamic-range limitations and channel estimation error at the
MIMO DF relay is considered explicitly in [14], and an
FD transmission scheme is proposed to maximize a lower
bound of the end-to-end achievable rate by designing transmit
covariance matrix. Considering the tradeoff between residual
interference in the FD mode and rate loss in the HD mode,
in [15], a hybrid FD/HD relaying is proposed together with
transmit power adaption to best select the most appropriate
mode. Relay selection is examined in [16] in AF cooperative
communication with the FD operation, and shows that the
FD relaying results in a zero diversity order despite the relay
selection process.
In the area of cooperative cognitive radio, there have been
very few works on the use of the FD mode. It is worth
mentioning that a theoretical upper-bound for the rate region
was found in [17] [18][19], where the CBS employs dirty
paper coding (DPC) to remove interference from the CU
due to the primary signal. However, DPC requires non-
causal information about the primary message at the CBS,
in addition to its implementation complexity; therefore in
practice, it is unknown how to achieve this region. FD for CR
is first proposed in [20] where the CBS uses AF protocol and
superposition at the CU to improve the rate region. However,
[20] assumed that at the CBS, the separation between the
transmit and receive antennas is perfect and there is no self-
interference, therefore it only provides a performance upper
bound for the FD.
B. Summary of Contributions
The aim of this paper is to study the achievable region
using the FD CBS for a cooperative cognitive network taking
into account of the self-interference. We assume the primary
system is passive, and always tries to operate in its full power.
The CBS is equipped with multiple antennas, and is smart
enough for forwarding the primary signal, transmitting the
cognitive signal and suppressing self-interference. Both AF
and DF protocols are studied. We have made the following
contributions:
• For CBS operating in the HD mode, we formulate the
cognitive rate maximization problem with constraints on
the CBS power and the PU rate. Closed-form solutions
are derived.
• For CBS operating in the FD mode, we model the self-
interference after cancellation due to CBS transmit noise
and solve the same problem as the HD case for both fixed
and scalable transmit noise power. Closed-form solutions
are given for the former case and an efficient algorithm
is developed for the latter by establishing a link between
these two cases.
• We then propose a hybrid HD/FD scheme based on mode
selection and the simplified closed-form zero-forcing
(ZF) solutions [21] which nulls out interference between
the primary and secondary systems. Insights are given on
the impact of system parameters.
CBS
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Fig. 2. Cooperating Cognitive System Model in the HD mode
• Our simulation results demonstrate the enlarged rate
region, and substantial performance gain of the proposed
FD and hybrid schemes compared to the HD mode. It is
also verified that the proposed hybrid scheme performs
nearly as well as the best mode selection.
Note that the proposed scheme is not restricted to cellular
networks. It can be applied to general cognitive radio scenarios
where secondary transmitters have multiple antennas with FD
capabilities, such as ad hoc cognitive networks [22][23].
C. Notations
Throughout this paper, the following notations will be
adopted. Vectors and matrices are represented by boldface
lowercase and uppercase letters, respectively. ‖ · ‖ denotes
the Frobenius norm. (·)† denotes the Hermitian operation of
a vector or matrix. A  0 means that A is positive semi-
definite. I denotes an identity matrix of appropriate dimension.
Finally, x ∼ CN (m,Θ) denotes a vector x of complex
Gaussian elements with a mean vector of m and a covariance
matrix of Θ.
II. BASELINE HD-CBS SYSTEM MODEL AND
OPTIMIZATION
A. System Model
Consider a cooperative cognitive system shown in Fig. 2.
The primary system consists of a single-antenna PBS and
a single-antenna PU. The cognitive system includes an N -
antenna (N > 1) CBS operating in the HD mode and a
single-antenna CU 1. It is assumed that cognitive system is
time synchronized with the primary network (this assumption
holds for all the investigated schemes). We assume that the
quality of the primary link is not good enough to meet its
transmission rate target and the cooperation between the CBS
and the PBS becomes necessary [1]. To define the system
model, we list the following system parameters:
h0 the scalar channel between the PBS and the PU;
h0c the scalar channel between the PBS and the CU;
hc0 the N × 1 channel between the CBS and the PU;
hc the N × 1 channel between the CBS and the CU;
g the N × 1 channel between the PBS and the CBS;
n1 the noise received at PU during Phase I
with n1 ∼ CN (0, 1);
n2 the noise received at PU during Phase II
with n2 ∼ CN (0, 1);
1 An extension to multiple CUs for the HD mode can be found in [7].
Alternatively, interference alignment is a promising tool in order to control
interference in such cooperative cognitive systems.
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nR the N × 1 noise vector received at the CBS during
Phase I with nR ∼ CN (0, I);
nc the noise received at the CU during Phase II
with nc ∼ CN (0, 1);
P0 the available transmit power of the PBS;
PC the available transmit power of the CBS;
s0 the transmit signal for the PU with s0 ∼ CN (0, P0);
sc the transmit signal for the CU with sc ∼ CN (0, 1).
All transmit signal, channel and noise elements are assumed
to be independent of each other. We assume global perfect
channel state information (CSI) is available at the CBS. In
the HD mode, the communication takes place in two phases.
In Phase I, the PBS broadcasts its data s0, then the received
signals at the PU and the CBS are, respectively2,
y1 = h0s0 + n1, and r = gs0 + nR. (1)
The CBS processes the received signal and produces f(r)
which is defined as
f(r) =


Ar, for AF where A is an N ×N complex
relay matrix;
w0s˜0, for DF where w0 is a beamforming vector
to forward primary signal and s˜0 = s0√P0 . (2)
In Phase II, the CBS superimposes the relaying signal f(r)
with its own data sc using the cognitive beamforming vector
wc, then transmits to both the PU and the CU. In this phase,
the PBS remains idle. The CBS’s transmit signal is
t˜ =
{
wcsc +Ags0 +AnR, for AF;
wcsc +w0s˜0, for DF.
(3)
with average power
pR = E‖t˜‖2 =
{ ‖wc‖2 + P0‖Ag‖2 + ‖A‖2, for AF;
‖wc‖2 + ‖w0‖2, for DF.
(4)
To make a fair comparison with the FD mode, we introduce
the transmit noise ∆t, which combines the effects of phase
noise, nonlinear power amplifier, I/Q imbalance, nonlinear
low-noise amplifier and ADC impairments [13][26], etc. 3
Then the actually transmitted signal from the CBS is
t = t˜+∆t, ∆t ∼ CN (0, PtI), (5)
where Pt denotes the transmit noise power and can either
be fixed or scale with pR, depending on how well these
impairments are compensated. It will be seen that in the HD
mode, we can use the same approach to solve the problem no
matter whether Pt is fixed or not. While in the FD mode using
the AF protocol, it makes a difference and we will deal with
these two cases separately. The received signal at the CU is
yc = h
†
ct+ nc (6)
=
{
h†cwcsc + h
†
cAgs0 + h
†
cAnR + h
†
c∆t+ nc, for AF;
h†cwcsc + h
†
cw0s˜0 + h
†
c∆t+ nc, for DF.
2For the sake of presentation, the time slot index is omitted by the
instantaneous expressions of the HD case.
3The considered imperfections are general and can also affect all receivers.
Given that the purpose of this work is to study the impact of transmit noise
on the FD relaying operation, we assume ideal receivers.
The received signal-to-interference plus noise ratio (SINR) at
CU is then expressed as
Γc =


|h†cwc|
2
P0|h
†
cAg|2+‖h
†
cA‖2+Pt‖hc‖2+1
, for AF;
|h†cwc|
2
|h†cw0|2+Pt‖hc‖2+1
, for DF,
(7)
and the achievable rate is Rc = 12 log2(1 + Γc) where the
factor 12 arises due to the two orthogonal channel uses. The
received signal at the PU is
y2 = h
†
c0t+ n2 (8)
=
{
h
†
c0wcsc + h
†
c0Ags0 + h
†
c0Ans + h
†
c0∆t+ n2, for AF;
h
†
c0wcsc + h
†
c0w0s0 + h
†
c0∆t+ n2, for DF.
Applying maximum ratio combining (MRC) to y1 and y2, the
received SINR of the PU is the sum of two channel uses, and
consequently, the achievable rate is given in (9) at the top of
next page.
B. Achievable Rate Region and Problem Formulation
The problem of interest is to find the rate region given
the primary and cognitive power constraints. To achieve this,
we propose to maximize the CU rate Rc subject to the PU’s
rate constraint r0 and the CBS’s transmit power constraint
PC , by jointly optimizing the cognitive beamforming vector
wc, the relaying processing matrix A and the forwarding
beamforming vector w0 for both AF and DF. Mathematically,
the optimization problem can be written as
max Rc s.t. R0 ≥ r0, pR ≤ PC , (10)
where the optimization variables are (wc,A), (wc,w0) for
AF and DF, respectively. Using the monotonicity between
the received SINR and the achievable rate, we can derive
simplified equivalent problem formulations for AF and DF.
More specifically, we have (11) at the top of next page and
P-DF-HD: max
w0,wc
|h†cwc|2
|h†cw0|2 + Pt‖hc‖2 + 1
(12)
s.t. P0‖g‖2 ≥ γ′0DF ,
|h†c0w0|2
|h†c0wc|2 + Pt‖hc0‖2 + 1
≥ γ′0DF ,
‖wc‖2 + ‖w0‖2 ≤ PC ,
where γ′0AF ,
22r0−1
P0
−|h0|2 and γ′0DF , 22r0−1−P0|h0|2.
Obviously, P-AF-HD appears more complicated than P-DF-
HD, so we first focus on P-AF-HD and we later show
that actually both problems can be solved using the same
mechanism.
C. The Optimal Structure of A in P-AF-HD and Physical
Interpretation
Problem P-AF-HD involves the optimization of an N ×N
matrix A. In the following theorem we will characterize the
optimal structure of A.
Theorem 1: The optimal AF relay matrix A has the struc-
ture of
A = wag
†, (13)
where H¯ , [hc0 hc], wa = H¯b and b ∈ C2×1 are parameter
vectors.
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R0 =


1
2
log2
(
1 + P0|h0|2 + P0|h
†
c0Ag|2
|h†
c0wc|2+‖h
†
c0A‖2+Pt‖hc0‖2+1
)
, for AF;
1
2
log2
(
1 + P0|h0|2 +min
(
P0‖g‖2, |h
†
c0w0|2
|h†c0wc|2+Pt‖hc0‖2+1
))
, for DF.
(9)
P-AF-HD: max
wc,A
|h†cwc|2
P0|h†cAg|2 + ‖h†cA‖2 + Pt‖hc‖2 + 1
(11)
s.t.
|h†c0Ag|2
|h†c0wc|2 + ‖h†c0A‖2 + Pt‖hc0‖2 + 1
≥ γ′0AF ,
‖wc‖2 + P0‖Ag‖2 + ‖A‖2 ≤ PC ,
The proof is given in Appendix A. The structure of A = wag†
reveals its two functions. First it coherently amplifies the
received primary signals at different receive antennas using
MRC receiver g† to produce a noisy version of the pri-
mary signal; then fowards the noisy primary signal using
the transmit beamforming vector wa. Theorem 1 not only
provides physical interpretation about the above mentioned
relay processing but also greatly simplifies problem P-AF-HD,
which will be seen in the next subsection.
D. Simplified AF Problem
It is noted that A originally is a general N × N matrix
while (13) indicates that it is actually a rank-1 matrix and can
be represented by a new vector wa. Employing this structure,
the problem P-AF-HD in (11) is simplified to
min
wc,wa
|h†cwc|2
(P0‖g‖4 + ‖g‖2)|h†cwa|2 + Pt‖hc‖2 + 1
(14)
s.t.
|h†c0wa|2
|h†c0wc|2 + Pt‖hc0‖2 + 1
≥ γ
′
0AF
(‖g‖4 − γ′0AF ‖g‖2)
,
‖wc‖2 + (P0‖g‖4 + ‖g‖2)‖wa‖2 ≤ PC .
For the sake of presentation, the closed-form solution to the
above problem in a general form is given in Appendix B. From
the right hand side of the first constraint, it is observed that
the problem is feasible or the required PU rate can be satisfied
only when ‖g‖2 > γ′0AF , which complies with the common
sense that the end-to-end performance of an AF relay system
is upper bounded by the channel quality of the PBS-CBS link
g; if this link is too weak, the CBS can not assist the primary
transmission.
For solving problem P-DF-HD in (12), we can first check
whether the first constraint is satisfied; if yes, we can remove
this constraint and the remaining of the problem has the same
structure as (14), then its solution is given in Appendix B;
otherwise, the problem is deemed infeasible meaning that
the required primary rate cannot be supported even with the
assistance from the CBS.
III. FD-CBS SYSTEM MODEL AND OPTIMIZATION
A. System Model
In this section, we consider that the CBS operates in the
FD mode, i.e., the CBS can receive and transmit data at the
same time and frequency. We assume the CBS has Nr receive
antennas/RF chains and Nt transmit antennas/RF chains. Due
to the FD mode, the receive antennas of the CBS will receive
a self-interference from its transmit antennas. The system
parameters that are different from the HD based system model
are defined as follows:
hc0FD the Nt × 1 channel between the CBS and the PU;
hcFD the Nt × 1 channel between the CBS and the CU;
gFD the Nr × 1 channel between the PBS and the CBS;
nRFD the Nr × 1 noise vector received at the CBS
with nRFD ∼ CN (0, I);
n0 the noise received at the PU with n0 ∼ CN (0, 1);
H the equivalent Nr ×Nt loop interference channel
matrix at the CBS;
PCFD the transmit power constraint of the CBS;
P0FD the transmit power of the PBS.
We may reuse some variables from the HD mode when no
confusion occurs. It is worth noting that H is the equivalent
loop interference channel after the self-interference mitigation
[10][11], and its strength depends on the quality of the
mitigation process that can be performed with techniques such
as antenna separation and analog-domain self-interference
cancellation, etc.
Although FD and HD are characterized by fundamental
operational and complexity differences, the purpose of our
study is to provide a fair comparison between the two relaying
modes. This fair comparison is supported by the following
assumptions:
i) We ensure the same energy consumptions for both modes
that is expressed as PCFD = PC2 and P0FD =
P0
2 [15].
ii) We assume the same number of total antennas i.e., an FD
system has Nt transmit and Nr receive antennas and an
HD system with a total of N = Nr+Nt antennas. More
specificaly:
1) In the HD mode, the CBS has Nr receive RF chains
and Nt transmit RF chains and it uses equal number
of antennas: Nr receive antennas in Phase I and
Nt transmit antennas in Phase II. In this setting,
both the FD and HD systems have the same antenna
configuration.
2) In addition, we also consider a case that the HD
mode has higher cost: in the HD mode, the CBS has
N transmit RF chains and N receive RF chains, so
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Fig. 3. Relay processing at the FD CBS
it can use all N receive antennas in Phase I and all
N transmit antennas in Phase II.
Obviously the performance of 2) is superior to that of 1)
but with the cost of extra complexity. We will evaluate the
performance of both cases in Section V.
The details of FD relay processing are illustrated in Fig. 3.
We use the index i to denote time instant. The received signal
at the PBS and the CBS are, respectively,
y[i] = h0s0[i] + h
†
c0FD
(t˜[i] + ∆t[i]) + n0[i], (15)
r[i] = gs0[i] +H(t˜[i] + ∆t[i]) + nRFD [i], (16)
where t˜[i] + ∆t[i] is the actual transmitted signal from the
CBS. The transmit Gaussian noise vector is denoted as ∆t
as the HD mode, Pt denotes the noise power and t˜[i] is the
known transmit signal from the CBS including both relaying
primary signal and cognitive signal:
t˜[i] = f(rˆ(i −D)) +wcsc[i], (17)
where rˆ is the pre-processed received signal at the CBS and
D > 0 is the processing delay. This delay D > 0 is a general
assumption and refers to the required processing time in order
to implement the FD operation [15]. In practical systems the
processing delay for the AF scheme is much smaller than the
one in the DF case; however our analysis is general and holds
for any D > 0.
The relay processing at the CBS is defined as:
f(rˆ) =


Arˆ, for AF where A is an Nt ×Nr relay matrix;
w0s˜0, for DF where w0 is a beamforming vector,
s˜0 =
s0√
P0FD
.
(18)
Although the channel H is perfectly estimated at the CBS and
the CBS can perfectly remove the noise component Ht˜[i], but
the term H∆˜t[i] remains and forms the residual interference
that affects the CBS’s input. As a result the CBS gets pre-
processed signal
rˆ[i] = r[i]−Ht˜[i] = gs0[i] +H∆t[i] + nRFD [i]. (19)
Suppose the CBS further processes rˆ[i], then
t˜[i] =


Arˆ[i−D] +wcsc[i] = Ags0[i−D]+
AH∆t[i −D] +Anr[i−D] +wcsc[i],
for AF where A is an N ×Nr matrix;
w0s˜0[i−D] +wcsc[i],
for DF where s˜0[i −D] = s0[i−D]|s0[i−D]|
(20)
with average power
pRFD = E(‖t˜‖2) =


P0FD‖AgFD‖2 + Pt‖AH‖2 + ‖A‖2
+‖wc‖2, for AF;
‖w0‖2 + ‖wc‖2, for DF.
(21)
The received signal at the CU is
yc[i] = h
†
cFD
(t˜[i] + ∆t[i]) + h0cs0[i] + nc[i]
=


h†cFDwcsc[i] + h
†
cFD
Ags0[i−D] + h†cFDAH∆t
+h†cFDAnRFD [i−D] + h†cFD∆t[i] + h0cs0[i] + nc[i],
for AF;
h†cFDwcsc[i] + h
†
cFD
w0s0[i−D] + h†cFD∆t[i]
+h0cs0[i] + nc[i],
for DF.
The received SINR ΓcFD at CU is expressed in (22). Then
the achievable CU rate is RcFD = log2(1 + ΓcFD). It is
worth nothing that due to the FD, the CU rate does not suffer
from the loss of a prelog factor 12 observed in the HD mode.
However, due to the residual self-interference, for AF, there is
an additional interference term Pt‖h†cFDAH‖2 compared to
the HD mode.
The received signal at the PU is shown in (23). Since the
direct link channel h0 is weak, the PU simply treats h0s0[i]
as noise and decodes s0[i−D], therefore, the received SINR
at the PU is given in (24) The achievable rate for the PU is
provide in (25).
B. Problem Formulation
Similar to the HD case, we will study the achievable
rate region by solving the CU SINR maximization problems
subject to the PU rate constraint r0 and the CBS power
constraint PCFD . The problems for AF and DF are formulated
as (26) and (27) on next page. Comparing to P-HD-AF, it
can be checked that the optimal relay processing matrix A
in P-FD-AF possesses the same structure A = wag†FD as
HD in Theorem 1 and as a result, the problem P-FD-AF is
reformulated as (28).
C. Fixed Transmit Noise Pt
In our previous discussions, we have assumed that Pt is
fixed which corresponds to an efficient interference cancella-
tion process. With this assumption, (28) has the same structure
as (14) for AF, and (27) and (12) share the same structure for
DF, therefore all solutions can be found using the approach
presented in Appendix B.
D. Scalable Transmit Noise Pt
Although fixing the transmit noise power Pt simplifies the
problem and the solution, in practice, it is more feasible to
assume that Pt scales with the CBS transmit power, i.e.,
Pt = ǫ
2pR and Pt = ǫ2pRFD for the HD and FD modes,
respectively, where ǫ2 is a scaling factor and denotes the
percentage of the transmit noise power to the total CBS
transmit power. It depends on the hardware impairments and
can be assumed that it is small for efficient implementations.
In this case, the CBS may not use its full power since more
power brings more noise to the receivers in both modes and
more self-interference in the FD mode.
Notice that in the HD mode, we have not discussed this
issue for the problem formulations P-DF-HD in (12) and P-
AF-HD in (14), respectively, and the reason is as follows.
When Pt scales with pR, the objective functions in both (12)
and (14) are non-decreasing functions of pR, which means the
relay should always use the maximum transmit power pR =
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ΓcFD =


|h†cFD
wc|
2
P0FD |h
†
cFD
Ag|2+Pt‖h
†
cFD
AH‖2+Pt‖hcFD‖
2+‖h†cFDA‖
2+P0FD |h0c|
2+1
, for AF;
|h†cFD
wc|
2
|h†cFDw0|
2+Pt‖hcFD‖
2+P0FD |h0c|
2+1
, for DF.
(22)
y[i] = h0s0[i] + h
†
c0FD
(t˜[i]∆t[i]) + n0[i]
=


h0s0[i] + h
†
c0FD
Ags0[i−D] + h†c0FDAH∆t[i]
+ h†c0FDAnr[i−D] + h†c0FDwcsc[i] + h†c0FD∆t+ n0[i], for AF;
h0s0[i] + h
†
c0FD
w0s0[i −D] + h†c0FDwcsc[i] + h†c0FD∆t[i] + n0[i], for DF.
(23)
Γ0FD =


P0FD |h
†
c0FD
Ag|2
P0FD |h0|
2+Pt‖h
†
c0FD
AH‖2+Pt‖hc0FD‖
2+‖h†c0FD
A‖2+|h†c0FD
wc|2+1
, for AF;
P0FD |h
†
c0FD
w0|
2
P0FD |h0|
2+Pt‖hc0FD‖
2+|h†c0FD
wc|2+1
, for DF.
(24)
R0FD =


log2
(
1 +
P0FD |h
†
c0FD
Ag|2
P0FD |h0|
2+Pt‖h
†
c0FD
AH‖2+Pt‖hc0FD‖
2+‖h†c0FD
A‖2+|h†c0FD
wc|2+1
)
, for AF;
log2
(
1 + min
(
P0FD‖gFD‖2,
P0FD |h
†
c0FD
w0|
2
P0FD |h0|
2+Pt‖hc0FD‖
2+|h†c0FD
wc|2+1
))
, for DF.
(25)
P-FD-AF:
max
A,wc
|h†cFDwc|2
P0FD |h†cFDAgFD|2 + Pt‖h†cFDAH‖2 + Pt‖hcFD‖2 + ‖h†cFDA‖2 + P0FD |h0c|2 + 1
(26)
s.t.
P0FD |h†c0FDAg|2
P0FD |h0|2 + Pt‖h†c0FDAH‖2 + Pt‖hc0FD‖2 + ‖h
†
c0FD
A‖2 + |h†c0FDwc|2 + 1
≥ γ0FD , 2γ0 − 1,
pRFD = P0FD‖AgFD‖2 + Pt‖AH‖2 + ‖A‖2 + ‖wc‖2 ≤ PCFD ,
P-FD-DF:
max
w0,wc
|h†cFDwc|2
|h†cFDw0|2 + Pt‖hcFD‖2 + P0FD |h0c|2 + 1
(27)
s.t.
P0FD‖gFD‖2
Pt‖H‖2 + 1 ≥ γ0FD
|h†c0FDw0|2
|h†c0FDwc|2 + Pt‖hc0FD‖2 + P0FD |h0|2 + 1
≥ γ0FD
pRFD = ‖w0‖2 + ‖wc‖2 ≤ PCFD .
max
wa,wc
|h†cFDwc|2
(1 + P0FD |h0c|2 + Pt‖hcFD‖2) + (P0FD‖gFD‖4 + Pt‖g†FDH‖2 + ‖gFD‖2)|h†cFDwa‖2
(28)
s.t.
|h†c0FDwa|2
(1 + Pt‖hc0FD‖2 + P0FD |h0|2) + |h†c0FDwc|2
≥ γ0FD
(P0FD‖gFD‖4 − γ0FD (‖gFD‖2 + Pt‖g†FDH‖2))
(P0FD‖gFD‖4 + ‖gFD‖2 + Pt‖g†FDH‖2)‖wa‖2 + ‖wc‖2 ≤ PCFD .
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PC . We illustrate this by taking the problem P-AF-HD for
example. With Pt = ǫ2pR, it becomes
max
wc,A,pR
|h†cwc|2
P0|h†cAg|2 + ‖h†cA‖2 + ǫ2pR‖hc‖2 + 1
(29)
s.t.
|h†c0Ag|2
|h†c0wc|2 + ‖h†c0A‖2 + ǫ2pR‖hc0‖2 + 1
≥ γ′0AF ,
pR = ‖wc‖2 + P0‖Ag‖2 + ‖A‖2 ≤ PC .
Suppose its optimal solution is (w∗c ,A∗, p∗R) and the corre-
sponding optimal objective value is γ∗c . We assume the CBS
does not use maximum transmit power, i.e., p∗R = 1αPC , α >
1. Then we construct another solution (
√
αw∗c ,
√
αA∗, αp∗R),
which satisfies both constraints and gives higher objective
value |h
†
cw
∗
c |
2
P0|h
†
cA∗g|2+‖h
†
cA∗‖2+ǫ2p∗R‖hc‖
2+ 1
α
> γ∗c . This con-
tradicts the fact that (w∗c ,A∗, p∗R) is the optimal solution,
therefore it must hold that pR = PC .
For the FD mode, we next show that the scalable noise does
not affect the approach to solve the problem P-FD-DF in (27).
With substitution Pt = ǫ2pRFD , it is easy to see that the first
constraint is equivalent to
pRFD ≤
P0FD‖gFD‖
2
γ0FD
− 1
ǫ2‖H‖2 . (30)
Then P-FD-DF becomes (31). Problem (31) has the similar
structure as (29) and at the optimum, it must hold that pRFD =
P¯CFD . To summarize, the scalable transmit noise power does
not affect the mechanism to solve the problems for the HD
mode and the FD mode with DF relaying protocol.
However, the above remark may not be true for the FD
mode when AF protocol is used since the CBS amplifies the
received noise and more transmit power results in more self-
interference. We will study this problem in the remaining of
this section.
With substitution Pt = ǫ2pRFD , problem (28) is updated to
(32). Problem P1 is quite complicated since the CBS power
constraint is not always active and it involves the product
of two quadratic terms. We denote its objective value as a
function of available CBS power PCFD , i.e., Ψ(PCFD ). To
solve it, we first focus on the following problem P2 whose
objective is Φ(P ), a function of a parameter P in (33). The
following theorem characterizes the relation between P1 and
P2.
Theorem 2: Assuming that P1 is feasible, it can be solved
by considering P2, i.e., Ψ(PCFD ) = max0≤P≤PCFD Φ(P ).
Proof: The proof is based on the following two observa-
tions.
i) Suppose the optimal solution to P1 is given by
(w∗0 ,w
∗
c , p
∗
R) and it is easy to see that Ψ(PCFD) =
Φ(p∗R) ≤ max0≤P≤PCFD Φ(P ).
ii) On the other hand, given an input power P ≤ PCFD , we
can solve P2 to obtain (wp0 ,wpc ) and suppose its objective
is Φ(P ). Following the same argument for (29), we can
see that with the optimal solution, the last constraint of
P2 must be satisfied with equality. Therefore (wp0 ,wpc , P )
is also a feasible solution to P1, and this implies that
Φ(P ) ≤ Ψ(PCFD ), ∀ 0 ≤ P ≤ PC .
Combining the above two facts, we conclude that Ψ(PCFD)
equals the maximum of Φ(P ), 0 ≤ P ≤ PCFD .
Theorem 2 indicates that in order to solve the difficult problem
P1, it suffices to solve P2 by 1-D search of P .
E. Implementation Issues
The implementation of the proposed scheme requires that
the CBS can track the CBS-CU, CBS-PU, PBS-CU channels
as well as the self-interference channel. The estimation of
these parameters can be obtained by using appropriate pilot
signals that periodically are sent by the terminals. More
specifically,
• The (residual) self-interference channel can be estimated
based on a pilot sequence that is sent from the CBS in
periodical time instances. In [24], the authors implement
a pilot-based self-interference estimation mechanism for
an FD scheme that incorporates analogue and digital self-
interference mitigation.
• The estimation of the CBS-CU and PBS-CU channels in
a cognitive radio scenario has been proposed in [19, Sec.
V. D]. Based on that work, the PBS-CU channel is firstly
estimated at the CU by overhearing the primary radio’s
pilot signal; then is fed back to the CBS by using the
CBS-CU link or a dedicated out-of-band channel. It is
worth noting that this operation requires a synchroniza-
tion of the CU to the primary radio’s pilot signal. The
channel CBS-CU can be estimated at the CU by using
the cognitive radio’s pilot signal and then is fed back to
the CU.
• In addition to the cognitive implementation in [19], the
proposed scheme requires also the CBS-PU channel; this
information can be obtained by introducing a periodical
pilot signal at the PU (for the purposes of the cognitive
cooperation) or by employing blind channel estimation
techniques [27] at the CBS during the PU transmission.
It is worth noting that imperfections on the channel es-
timation result in performance degradation for the proposed
scheme. Since the main objective of this paper is to introduce a
new FD-based cooperative scheme in a cognitive radio context,
we assume perfect channel knowledge as in [19]. Our work
provides useful performance bounds and serves as a guideline
for practical implementations with realistic channel estimation.
IV. HYBRID HD/FD MODE SELECTION FOR THE CBS
Although the CBS in the FD mode can improve the rate, it
introduces an extra self-interference from the relay’s output to
the relay’s input; on the other hand HD is not affected by self-
interference due to the orthogonal transmission, but it reduces
spectral efficiency. Therefore, no mode is always better than
the other one and a hybrid solution that switches between the
two operation modes can provide extra performance gain. To
achieve this, one can simply solve each problem for the HD
and FD modes, and then choose the better one. However, the
closed-form solution given in Appendix B is very complex
and does not give insights on which mode is preferred under
different conditions. In this section, we will develop a simple
suboptimal solution based on the ZF criterion, which will
be used for mode selection. Towards this, we first state the
following lemma:
Lemma 1: For both HD and FD modes, the DF relaying
protocol achieves higher CU rate than using AF protocol when
the direct link h0 ≈ 0.
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max
w0,wc,pRFD
|h†cFDwc|2
|h†cFDw0|2 + ǫ2pRFD‖hcFD‖2 + P0FD |h0c|2 + 1
s.t.
|h†c0FDw0|2
|h†c0FDwc|2 + ǫ2pRFD‖hc0FD‖2 + P0FD |h0|2 + 1
≥ γ0FD ,
pRFD = ‖w0‖2 + ‖wc‖2 ≤ P¯CFD
, min

PCFD ,max

0,
P0FD
‖gFD‖2
γ0FD
− 1
ǫ2‖H‖2



 . (31)
P1 : max
wa,wc,pRFD
|h†cFDwc|2
(1 + P0FD |h0c|2 + ǫ2pR‖hcFD‖2) + (P0FD‖gFD‖4 + ǫ2pRFD‖g†FDH‖2 + ‖gFD‖2)|h†cFDwa‖2
s.t.
|h†c0FDwa|2
(1 + ǫ2pRFD‖hc0FD‖2 + P0FD |h0|2) + |h†c0FDwc|2
≥ γ0FD
(P0FD‖gFD‖4 − γ0FD (‖gFD‖2 + ǫ2pRFD‖g†FDH‖2))
,
pRFD = (P0FD‖gFD‖4 + ‖gFD‖2 + ǫ2pRFD‖g†FDH‖2)‖wa‖2 + ‖wc‖2 ≤ PCFD . (32)
P2 : Φ(P ) = max
wa,wc
|h†cFDwc|2
(1 + P0FD |h0c|2 + ǫ2P‖hcFD‖2) + (P0FD‖gFD‖4 + ǫ2P‖g†FDH‖2 + ‖gFD‖2)|h†cFDwa‖2
s.t.
|h†c0FDwa|2
(1 + ǫ2P‖hc0FD‖2 + P0FD |h0|2) + |h†c0FDwc|2
≥ γ0FD
(P0FD‖gFD‖4 − γ0FD (‖gFD‖2 + ǫ2P‖g†FDH‖2))
,
(P0FD‖gFD‖4 + ‖gFD‖2 + ǫ2P‖g†FDH‖2)‖wa‖2 + ‖wc‖2 ≤ P. (33)
Proof: For the sake of simplicity, we focus on the HD
mode but the analysis also holds true for the FD mode. We
prove this lemma from optimization’s viewpoint by comparing
DF problem (12) with AF problem (14).
Given an AF optimal beamforming solution (w∗a,w∗c) to
(14), we construct a new solution (w∗0,w∗c ) where w∗0 =√
P0‖g‖4 + ‖g‖2w∗a and then check whether it is feasible
for (12). It is seen that (w∗0 ,w∗c) achieves the same objective
value for (12) as (w∗a,w∗c) for (14) and satisfies the last power
constraint in (12). The second constraint in (12) can be verified
below
|h†c0w0|2
|h†c0wc|2 + Pt‖hc0‖2 + 1
=
|h†c0wa|2(P0‖g‖4 + ‖g‖2)
|h†c0wc|2 + Pt‖hc0‖2 + 1
≥ γ
′
0AF (P0‖g‖4 + ‖g‖2)
(‖g‖4 − γ′0AF ‖g‖2)
(34)
=
γ
′
0DF
P0
(P0‖g‖4 + ‖g‖2)
(‖g‖4 − γ′0AF ‖g‖2)
=
γ
′
0DF (‖g‖4 + ‖g‖
2
P0
)
(‖g‖4 − γ′0AF ‖g‖2)
> γ
′
0DF , (35)
where (34) comes from the fact that (w∗a,w∗c) is an optimal
solution to (14) and we have used the approximation h0 ≈ 0
and γ
′
0DF
P0
= γ0′
AF
in (35).
We have proved that for any optimal solution to AF problem
(14), we can find a feasible solution to DF problem (12)
with the same objective value, therefore the optimal solution
to (12) should have a greater objective value or the DF
relaying protocol achieves higher CU rate than the AF relaying
protocol.
The assumption that the primary direct link is weak is one
of the rationales in order to enable a cooperation between
primary and secondary sources: the primary link is weak with
respect to the channel from the primary transmitter to the
secondary transmitter [28][29] or it is not available due to
path-loss effects and physical obstacles [30]. The assumption
h0 ≈ 0 will help derive a simple mode switching criterion
and Lemma 1 cannot be generalized for all cases without this
assumption.
It is also shown in [31] that asymptotically the performance
of AF is quite close to that of DF. Therefore, we choose the DF
protocol to compare the performance of the HD and FD modes
for simplicity. We adopt the comparison result as a unified
criterion to select the mode using both AF and DF protocols.
Next we will derive simpler closed-form DF solutions for the
HD and FD modes based on ZF criterion. For this derivation,
we assume that the transmit noise power scales with the signal
power, i.e., Pt = ǫ2pR and Pt = ǫ2pRFD for HD and FD
modes, respectively.
A. DF in the HD mode
For convenience, we define ρ = 1− |h†chc0|2‖hc‖2‖hc0‖2 and write
the beamforming vectors in the form: wc =
√
qcw¯c,w0 =√
q0w¯0 with ‖w¯c‖ = ‖w¯0‖ = 1 where qc and q0 denote the
transmit power for primary and cognitive signals, respectively.
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According to the ZF criterion, we have w†chc0 = 0 and in
addition, wc needs to maximize |w†chc|, therefore it admits
the following expression
wc =
√
qc
(
I− hc0h†c0‖hc0‖2
)
hc
‖
(
I− hc0h†c0‖hc0‖2
)
hc‖
, (36)
and the resulting CU channel gain is
|w†chc|2 = qc‖hc‖2(1 − ρ2). (37)
Similarly,
w0 =
√
q0
(
I− hch†c‖hc‖2
)
h0
‖
(
I− hch†c‖hc‖2
)
h0‖
, and |w†0hc0|2 = q0‖hc0‖2(1−ρ2).
(38)
Based on the above expressions, the DF problem formulation
(12) is simplified to the following power allocation:
min
q0,qc
qc‖hc‖2(1− ρ2)
ǫ2PC‖hc‖2 + 1 (39)
s.t.
q0‖hc0‖2(1− ρ2)
ǫ2PC‖h†0‖2 + 1
≥ γ′0DF ,
P0‖g‖2 ≥ γ′0DF , qc + q0 ≤ PC ,
which gives the CU rate below
RC=


1
2
log2
(
1 +
max
(
0,PC (1−ρ2)−γ
′
0DF
(ǫ2PC+
1
‖hc0‖
2 )
)
ǫ2PC+
1
‖hc‖2
)
,
for P0‖g‖2 ≥ γ′0DF ;
0, otherwise.
(40)
Ignoring the PBS-PU and PBS-CU links, we have the follow-
ing approximation when P0‖g‖2 ≥ γ′0DF :
RC ≈ 12 log2
(
1 +
max
(
0,1−ρ2−(22r0−1)(ǫ2+ 1
PC‖hc0‖
2 )
)
ǫ2+ 1
PC‖hc‖
2
)
. (41)
B. DF in the FD mode
Similar to the HD mode, we define ρFD = 1 −
|h†cFD
hc0FD |
2
‖hcFD‖
2‖hc0FD‖
2 , wc =
√
qcw¯c,w0 =
√
q0w¯0 where
‖w¯c‖ = ‖w¯0‖ = 1 and qc and q0 denote the respective
transmit power for primary and cognitive signals, respectively.
The DF problem in (27) for the FD mode becomes
min
q0,qc
qc‖hcFD‖2(1− ρ2FD)
ǫ2P¯CFD‖hcFD‖2 + P0FD |h0c|2 + 1
(42)
s.t.
q0‖hc0FD‖2(1− ρ2FD)
ǫ2P¯CFD‖hc0FD‖2 + P0FD |h0|2 + 1
≥ γ0FD
qc + q0 ≤ P¯CFD ,
and gives the CU rate (43). Ignoring the PBS-PU and PBS-CU
links, we have the approximation (44).
The mode selection for both AF and DF relaying protocols
corresponds to a simple comparison between the achievable
rates in (40) and (43).
In the next two subsections, we assume that the PBS-CBS
links ‖g‖2 and ‖gFD‖2 are sufficiently strong to support the
required PU rate and we focus on the CBS-PU and CBS-CU
links to gain some insights on the impact of some system
parameters.
C. Same RF chains for HD and FD
First we assume that both HD and FD modes have the same
number of RF chains, and the same sets of transmit and receive
antennas, so we remove the subscript ‘HD’. In this case, all
corresponding channel matrices are the same for both modes
and the achievable CU rates are
RC ≈
1
2
log2

1 + max
(
0, 1− ρ2 − (22r0 − 1)(ǫ2 + 1
PC‖hc0‖2 )
)
ǫ2 + 1
PC‖hc‖2

 ,
RCFD ≈
log2

1 + max
(
0, 1− ρ2 − (2r0 − 1)(ǫ2 + 2
PC‖hc0‖2 )
)
ǫ2 + 2
PC‖hc‖2

 .
(45)
Setting both rates to be equal to zero (if possible), we
get the corresponding zero points for ǫ2, which represent the
maximum tolerable transmit noise factors:
ǫ2FD =
1− ρ2
(2r0 − 1) −
2
PC‖hc0‖2 ,
ǫ2HD =
1− ρ2
(22r0 − 1) −
1
PC‖hc0‖2 .
(46)
We then derive the difference and the relative difference:
ǫ20,FD − ǫ20,HD = (1− ρ2)
2r0
(22r0 − 1) −
1
PC‖hc0‖2 ,
ǫ20,FD − ǫ20,HD
ǫ20,HD
=
(1 − ρ2) 2r0
(22r0−1)
− 1
PC‖hc0‖2
1−ρ2
(22r0−1)
− 1
PC‖hc0‖2
= 2r0 +
(2r0 − 1) 1
PC‖hc0‖2
1−ρ2
(22r0−1)
− 1
PC‖hc0‖2
.
(47)
It is observed that as PC increases or ρ2 decreases, FD tends
to be better than HD, but the relative improvement becomes
less. As r0 is decreasing, HD tends to perform better than FD.
D. High CBS power PC
In this case, HD and FD can have different RF chains and
sets of transmit and receive antennas. We focus on the scenario
where the CBS’s power is large. By using this assumption, the
approximations of the achievable rates are (48) and (49) When
r0 > 1, the zero points for ǫ2 are
ǫ2FD =
1− ρ2FD
2r0 − 2 , ǫ
2
HD =
1− ρ2
22r0 − 2 . (50)
We can see that when
ρFD ≤ 2
2r0 − 2r0
22r0 − 2 +
2r0 − 2
22r0 − 2ρ
2
HD, (51)
the FD mode performs better than the HD mode. This happens
when Nt is close to N or both are large.
V. NUMERICAL RESULTS
Computer simulations are conducted to evaluate the perfor-
mance of the proposed FD and hybrid schemes. We assume
that the CBS has N = 6 antennas, which is a sufficient config-
uration for demonstrating the performance of the investigated
schemes. The channel between any antenna pair from different
terminals is modeled as h = d− c2 ejθ , where d is the distance,
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RCFD=log2

1+
max

0,P¯CFD (1−ρ2FD)−γ0FD (ǫ2 P¯CFD+
P0FD
|h0|
2+1
‖hc0FD
‖2
)


ǫ2P¯CFD
+
P0FD
|h0c|
2+1
‖hcFD
‖2

. (43)
RCFD≈log2

1+max
(
0,P¯CFD
(1−ρ2
FD
)−(2r0−1)(P¯CFD
ǫ2+ 1
‖hc0FD
‖2
)
)
P¯CFD
ǫ2+ 1
‖hcFD
‖2

. (44)
RC ≈ 1
2
log2

1 + max
(
0, 1− ρ2 − (22r0 − 1)(ǫ2 + 1
PC‖hc0‖2 )
)
ǫ2 + 1
PC‖hc‖2

 ≈ 1
2
log2
(
1 + max
(
0,
1− ρ2
ǫ2
+ 2− 22r0
))
, (48)
RCFD ≈ log2

1 + max
(
0, 1− ρ2FD − (2r0 − 1)(ǫ2 + 2PC‖hc0FD ‖2 )
)
ǫ2 + 2
PC‖hcFD ‖2

 ≈ log2
(
1 + max
(
0, 2 +
1− ρ2FD
ǫ2
− 2r0
))
. (49)
c is the path loss exponent (chosen as 3.5), and θ is uniformly
distributed over [0, 2π). The distances from the CBS to the
PBS, the PU and the CU are all normalized to one unit while
the distances from the PBS to the PU, the PBS to the CU are
set to 2 units, so their channels are much weaker than other
links. The elements of the loop interference channel H are
independent and identically distributed following CN (0, 1).
Unless otherwise specified, the PU’s target rate is r0 = 2 bits
per channel use (bpcu); for the HD mode, the CBS can use all
6 antennas for receiving and transmitting signals; for the FD
mode, the CBS uses Nt = 4 transmit antennas and Nr = 2
receive antennas; the CBS transmit noise power is assumed
to scale with the CBS power and ǫ2 = 10−4. We define the
transmit SNR in the HD mode, transmit power normalized by
noise power, as the power metric and the primary transmit
power is set to 10 dB. Half transmit power in the FD mode
is used to maintain the same energy consumption as the HD
mode. An outage event occurs when r0 is not supported in the
primary system for a channel instance. Except for Figs 4 and
5, 103 and 104 channel realizations are used to produce the
results of the average rate and outage probability, respectively.
Whenever possible and necessary, the proposed FD and hybrid
schemes will be compared with the following solutions:
• DPC with a non-causal primary message at the CBS [17],
[18],[19]. In this case, the CBS uses the principles of
DPC and pre-cancels the non-causal primary information
in order to ensure an interference-free secondary trans-
mission. This scheme requires a non-causal knowledge
of the primary message at the CBS and therefore it
has a limited practical interest. However, it provides a
useful theoretical upper-bound for any practical cognitive
cooperative scheme and can be used for comparison
purposes;
• Orthogonal transmission, i.e., the CBS transmits in such
a way to not interfere the PU without assisting the PU’s
transmission. The CBS rate can be found by solving the
following optimization problem:
max
wc
log2
(
1 +
|h†cwc|2
Pt‖hc‖2 + 1
)
s.t. h†c0wc = 0, ‖wc‖2 ≤ PC ; (52)
• HD mode, by default we assume that all N antennas are
used for both transmission and reception;
• HD mode using the same RF chains as the FD mode;
• Best HD/FD mode selection.
In Figs 4 and 5, we plot the rate regions for a specific
channel realization for AF and DF, respectively, when the
CBS power is 10 dB. It can be verified that DPC provides
a performance outer-bound and the performance difference
between the proposed scheme and the DPC is mainly due to
the unrealistic assumption of non-causal primary information
for the DPC. The orthogonal transmission achieves a larger
rate region for the CU because it does not assist the PU’s
transmission. Even when the HD mode uses the same RF
chains as the FD mode, i.e., 4 transmit antennas and 2 receive
antennas, the maximum PU rate is over three times higher
than that of the orthogonal scheme. Further improvement is
observed when the CBS uses all the 6 antennas for both
transmission and reception in the HD mode. When the CBS
works in the FD mode, approximately 50% higher rates for
both the PU and the CU are achieved, compared with the HD
mode using the same RF chains.
In Fig. 6, we plot the CU rate against the CBS power. It
can be seen that the proposed FD and hybrid schemes achieve
almost three times the CU rates provided by the HD mode with
the same RF chains. At low SNRs, the HD mode may perform
better than the FD mode while the performance gain of the FD
over the HD mode is enlarged as the CBS power increases.
It is also observed that the proposed hybrid schemes perform
nearly as well as the best mode selection. The proposed FD
and hybrid schemes achieve the same slope for the CU rate
as DPC.
In Fig. 7, we study the impact of fixed and scalable transmit
noise on the CU rate for the FD mode. It can be observed
that with a fixed transmit noise power, all the achievable rates
are increasing with the CBS power. The achievable rate of the
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Fig. 5. Rate region for DF protocol.
AF protocol approaches that of the DF protocol at high SNRs.
For the DPC scheme and the HD mode, the achievable rates
saturate from 25 dB of the CBS power, which indicates that
the CBS should reserve some power in order to suppress the
self-interference.
In Fig. 8, we plot the CU rates versus the transmit noise
scaling factor ǫ2 , when the CBS power is 20 dB. We note
that in general, FD outperforms HD even when ǫ2 is large,
especially for the DF relaying protocol. This observation is
because the transmit noise limits the performance of HD while
FD can efficiently suppress the self-interference by employing
optimal relay processing. As for the AF relaying protocol, the
HD mode may outperform the FD mode due to the fact that the
CBS amplifies the self-interference. The performance of the
proposed mode selection is very close to the best selection
for the AF relaying protocol; for the DF relaying protocol,
they are almost identical and validate the effectiveness of the
proposed selection.
In Fig. 9, we examine the effects of the CBS power on
the PU’s outage performance. We assume the PU requires a
rate of 3 bpcu. First due to the weak primary link, the outage
is almost 100% if there is no assistance from the CBS. As
expected, the HD mode is not efficient at low SNRs, and can
even become worse than the direct transmission due to the
two phases used; for AF, the outage performance is improved
only when the CBS power is higher than 15 dB, while with
the same energy consumption, FD and the hybrid schemes can
reduce the outage probability to 60%. With 25 dB for the CBS
power, AF-HD has an outage probability about 60%, while the
hybrid schemes reduces the outage probability to below 40%.
The FD mode with DF protocol achieves a lower saturated
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Fig. 6. CU rate vs. CBS Power.
0 5 10 15 20 25 30 35 40
0
5
10
15
Cognitive Transmit Power (dB)
CU
 R
at
e 
(bp
cu
)
AF
 
 
DPC, fixed transmit noise
DPC, scalable transmit noise
AF−FD, fixed transmit noise
AF−FD, scalable transmit noise
DF−FD, fixed transmit noise
DF−FD, scalable transmit noise
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outage probability of 32% when the CBS power is above 20
dB.
Finally in Fig. 10, we investigate the impact of differ-
ent transmit and receive antenna configurations on the FD
mode, by assuming the CBS has 6 transmit and receive
RF chains. We simulate four different cases (Nt, Nr) ∈
{(5, 1), (4, 2), (3, 3), (2, 4)}. The same trends are observed for
both AF and DF protocols. It can be seen that (Nt, Nr) =
(3, 3) provides the best performance for medium to high
SNRs; this is because the primary rate is upper bounded
by the supportable rates of the PBS-CBS and CBS-PU links
and therefore equal number of transmit and receive anten-
nas is a preferred configuration. At low to medium SNRs,
(Nt, Nr) = (5, 1) provides better performance than that of
(Nt, Nr) = (2, 4), because the rate is limited by the CBS-PU
and CBS-CU links. Therefore the CU rate takes the expression
(53). It is observed that as Nt increases, both ‖hc0FD‖2 and
‖hcFD‖2 increase while ρ2FD decreases, consequently the CU
rate increases as well. At high SNRs, (Nt, Nr) = (2, 4)
outperforms the (Nt, Nr) = (5, 1) configuration. This is
because the PBS-CBS link limits the achievable PU and CU
rates and therefore more received antennas at the CBS can
improve the CU rate. For the same reason, (Nt, Nr) = (4, 2)
saturates when the CBS power is about 20 dB while the
performance of the case (Nt, Nr) = (2, 4) improves with the
CBS power until 25 dB.
VI. CONCLUSION
We have studied the HD and the FD operation modes for the
CBS in a cooperative cognitive network. We have considered
transmit imperfections in both duplex modes and modeled the
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RCFD ≈ log2

1 + max
(
0, 1− ρ2FD − (2r0 − 1)(ǫ2 + 2PC‖hc0FD ‖2 )
)
ǫ2 + 2
PC‖hcFD ‖2

 . (53)
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resulting CBS’s residual self-interference for the FD mode.
Closed-form solutions or efficient 1-D search algorithms to
achieve the optimal AF and DF beamforming vectors have
been provided in order to characterize the achievable primary-
cognitive rate regions. In addition, we proposed a hybrid
scheme to switch between the HD and FD modes based on
the simplified ZF beamforming design. Results have shown
that the proposed FD and hybrid schemes can greatly enlarge
the rate region compared to the HD mode, therefore they
are introduced as efficient solutions for the active cooperation
between primary and cognitive systems. The proposed coop-
eration substantially increases the opportunities for a CU to
access the primary spectrum and improves the overall system
spectral efficiency.
It is worth noting that for scenarios with a strong primary
direct link, the PU receives two copies of the transmitted signal
via both the direct and the relaying links by generating an
artificial multipath effect. While this paper and most studies
in the literature discard the direct link and only decode the
relaying information, as a future direction, we can study how
to efficiently combat this effect using equalization techniques
[32].
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APPENDICES
A. PROOF OF THEOREM 1
Proof: Without loss of generality, A can be expressed in
the form of
A = [H¯ H¯⊥]
[
b C
d E
]
[g† (g⊥)†] (54)
= H¯bg† + H¯⊥dg† + H¯C(g⊥)† + H¯⊥E(g⊥)†
where H¯ , [hc0 hc] and b ∈ C2×1,C ∈ C2×(N−1),d ∈
C
(N−2)×1,E ∈ C(N−2)×(N−1) are parameter vectors and
matrices.
A closer observation of the defined problem reveals that
the optimization will maximize |h†c0Ag|2 while minimize
|h†cAg|2, ‖h†cA‖2, ‖hc0A‖2, ‖Ag‖2 and ‖A‖2. It is clearly
seen that C,E,d do not affect the term to be maximized
and setting them to be zero will help reduce the terms to be
minimized, therefore C = 0,d = 0,E = 0 and the optimal
A has the structure of A = H¯bg† and can be written in a
more general form of A = wag† where wa = H¯b is a new
parameter vector.
B. CLOSED-FORM SOLUTION TO A GENERAL RATE
MAXIMIZATION PROBLEM
Our aim here is to find the close-form solution to the rate
maximization problem below:
max
w1,w2
|h†2w2|2
1 + |h†2w1|2
(55)
s.t.
|h†1w1|2
1 + c|h†1w2|2
≥ γ1, |w1‖2 + c‖w2‖2 ≤ PC ,
where c is a constant, h1,h2 are N × 1 vectors and γ1, PC
are positive scalars. This problem has the following physical
meaning. Consider a MISO broadcast system with an N -
antenna BS and two single-antenna users. The channels from
the BS to user 1 and user 2 are h1 and h2, respectively. The
noise powers at users are assumed to be one, otherwise, the
channel can be normalized with the noise power. Suppose
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the BS has a total power constraint PC and user 1 has a
SINR constraint γ1, then this problem has the interpretation of
maximization of user 2’s SINR. Suppose its optimal objective
value is γ∗2 . To find the optimal solution to (55), we first
consider the following weighted sum power minimization
problem:
min
w1,w2
‖w1‖2 + c‖w2‖2 (56)
s.t.
|h†1w1|2
1 + c|h†1w2|2
≥ γ1, |h
†
2w2|2
1 + |h†2w1|2
≥ γ2.
It can be validated that if we set γ2 = γ∗2 in (56), then its
optimal objective value is PC and vice versa. So we can focus
on (56) in order to characterize the solution to (55). The dual
problem of (56) can be derived as
max
λ1,λ2≥0
λ1 + λ2 (57)
s.t. I+ λ2h2h
†
2 
λ1
γ¯1
h1h
†
1, γ¯1 , cγ1
I+ λ1h1h
†
1 
λ2
γ2
h1h
†
2,
where λ1 and λ2 are dual variables. The two linear matrix
inequality constraints uniquely determine λ1 and λ2:
λ1 =
γ¯1
h
†
1
(
I+ λ1h¯2h
†
2
)−1
h1
, λ2 =
γ2
h
†
2
(
I+ λ1h1h
†
1
)−1
h2
.
(58)
Using matrix inversion lemma and define ρ2 , |h
†
1h2|
2
‖h1‖2‖h2‖2
we
have
λ1 =
γ¯1(1 + λ2‖h2‖2)
‖h1‖2 + λ2(‖h2‖2‖h1‖2 − ‖h†2h1‖2)
=
γ¯1(1 + λ2‖h2‖2)
‖h1‖2(1 + λ2‖h2‖2(1− ρ2)) ,
λ2 =
γ2(1 + λ1‖h1‖2)
‖h2‖2 + λ1(‖h2‖2‖h1‖2 − ‖h†2h1‖2)
=
γ2(1 + λ1‖h1‖2)
‖h2‖2(1 + λ1‖h1‖2(1− ρ2)) .
(59)
Remember we also have a power equation below:
λ1 + λ2 = PC . (60)
It is observed that λ1, λ2, γ2 should satisfy and uniquely
determined by the above three equations (59-60), so the ana-
lytical solutions can be found. Define A = ‖h1‖2‖h2‖2(1 −
ρ2), B = −(‖h2‖2γ¯1+PC‖h1‖2‖h2‖2(1−ρ2)+‖h1‖2), and
C = (PC‖h2‖2 + 1)γ¯1. Then from (59), we have
f(λ1) , Aλ
2
1 +Bλ1 + C = 0. (61)
Since A > 0, C > 0, B < 0, f(λ) = 0 has positive two roots.
Because f(PC) < 0, we know that the optimal λ1 corresponds
to the minimum root. Once λ1 is found, λ2 and γ2 can be
easily derived from (59-60).
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